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A new derivation for the ultra-elliptic solutions of Einstein-Friedman equations is 
presented here. The equation for evolution of the density of inter-stellar matter is 
reduced to linear ODE in the case of arbitrary equation of state. 
Moreover, the dependence of density of inter-stellar matter in expanding Universe is 
proved to be given by the appropriate elliptical integral in case of the linear equation of 
state. Also we obtain that in case of the adiabatic expansion of inter-stellar matter the 
evolution of the universe as predicted by the Einstein-Friedman equations is proved to 
be given by the appropriate ultra-elliptical integral. 
Thus, by a proper obtaining of re-inverse dependence of a solution from time-parameter 
we could present the entire evolution of Universe as a set of periodic cycles (it means a 
periodic character for the evolution of radius of space curvature). 
  
 
Keywords: Einstein-Friedman equations, radius of space curvature, Abel ODE. 
 
 
AMS Subject Classification:  83CXX, 83F05 (Cosmology) 
 
2 
1. Introduction, the system of equations. 
 
The Einstein-Friedmann equations are a set of equations in physical cosmology that 
govern the expansion of space in homogeneous and isotropic models of the universe 
within the context of general relativity. They were first derived by Alexander 
Friedmann in 1922 [1] from Einstein's field equations of gravitation for the Friedmann-
Lemaître-Robertson-Walker metric and a fluid with a given mass density  and 
pressure P. The equations for negative spatial curvature were given by Friedmann in 
1924 [2]. 
 
In accordance with [1-2], the Einstein-Friedman system of equations should be 
presented as below: 
 
 
 
 
- here G – is the gravitational constant, c – is the velocity of light; P and  - are the 
pressure and the density of inter-stellar matter;  k = 0, 1 or -1 in dependence on the sign 
of the curvature of space. 
 
 
 
2. Reduction of the initial system of equations. 
 
In accordance with the ansatz suggested in [3], the linear combining of Eqs. (1) & (2) 
with the appropriate subtraction from the result of differentiation of Equation (2) with 
respect to t, should accomplish the final result as below: 
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Also, equation (2) could be reduced by the proper change of variables (which was 
suggested in [3]) to the appropriate Abel ODE; then, using of the expression (3) in 
transformation of the Abel Eq. above should let us obtain (c =1, for simplicity): 
 
 
In either case, however, one needs another independent equation to solve for (t). This 
is usually given by an equation of state of the form P = P() [3]. 
 
So, the additional changing of variables [4]:  y() =  (t) let us transform Equation (4) 
to the linear ODE below [3]: 
 
 
 
3. Quasi-periodic solution, the case  p =  . 
 
In cosmology, the following simple relation is assumed:  P = ,  = const. While 
the value of  may in principle change with redshift, it is often assumed that  is 
independent of time just for simplicity [5-7]. 
 
According to [3], substituting this equation of state into the Equation (5) immediately 
yields (A = const;  ≠ -1,  ≠ -1/3): 
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- the fractional integral (6) which could be transformed to the proper elliptical integral 
[8] in regard to  only for integer meanings of parameter {2/(3(+ 1))} from the range 
[-3, 2]: 
 
 
Indeed, the expression under in (7) should be the polynomial of integer degree not 
exceeding 3 or 4 for presenting the appropriate case of elliptic integrals [8]. 
 
Let us also represent Eq. (3) in the form below (P = ,  = const; c =1): 
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4. Ultra-elliptic solutions. 
 
The equation of state for inter-stellar matter could be considered in a more general form 
for the process of expansion of space in homogeneous and isotropic models of the 
universe (1)-(2), as assumed below: 
 
 
- here P₀, ₀ - are the constants, given by the initial conditions;  - is the proper 
dimensionless parameter (which could be associated with process of adiabatic 
expansion of inter-stellar matter; for a wide variety of the observed space clusters of 
inter-stellar matter,  = 5/3). Obviously, if  = 1 one could reduce such a case to the 
previously introduced case (7)-(8):  P = ,  = const.  
 
Substituting this equation of state (9) into the Equation (5) immediately yields (D = 
const): 
 
- where the expression above for the appropriate part of the integral in (10) could be 
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presented in analytical form only for the meaning  = 4/3 as below: 
 
 
 
So, the entire expression for the integral in (10) could be transformed as shown below: 
 
 
 
- besides, Eq. (11) also should let us obtain {for the reason that additional change of 
variables has been made earlier in (4)-(5):  y() =  (t)} 
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- which is the ultra-elliptical integral in regard to function   [8]. Indeed, the expression 
under in (12) could be presented by the combination (or ratio) of the polynomials of 
integer degree less than 11/4 < 4, see (11); thus, it presents the appropriate ultra-
elliptical case of elliptic integrals [8]. 
 
 
 
5. Discussions. 
 
The evolution of the universe as predicted by the Einstein-Friedman equations [7] when 
dominated by a single, isotropic, stable, static, perfect-fluid energy form is considered 
for different values of the gravitational pressure to density ratio . 
These energy forms include phantom energy ( < -1), cosmological constant ( = -1), 
domain walls ( = -2/3), cosmic strings ( = -1/3), normal matter ( = 0), radiation 
and relativistic matter ( = 1/3), and a previously little-discussed form of energy called 
“ultralight” ( > 1/3) [7]. 
The main result, which should be outlined, is that the dependence of density of inter-
stellar matter in expanding Universe is proved to be given by the appropriate quasi-
elliptical integral. But the elliptical integral is known to be a generalization of a class of 
inverse periodic functions. Also we obtain that in case of adiabatic expansion of inter-
stellar matter the evolution of the universe as predicted by the Einstein-Friedman 
equations is proved to be given by the appropriate ultra-elliptical integral. 
Thus, by a proper obtaining of re-inverse dependence of a solution from time-parameter 
we could present the entire evolution of Universe as a set of periodic cycles (it means a 
periodic character of the radius of curvature). 
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